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Background: In the continuum-discretized coupled-channel method, a breakup cross section
(BUX) is obtained as an admixture of several components of different channels in multi-channel
scattering.
Purpose: Our goal is to propose an approximate way of decomposing the discretized BUX into
components of each channel. This approximation is referred to as the “probability separation (P-
separation)”.
Method: As an example, we consider 11Be scattering by using the three-body model with core
excitation (10Be + n+ T, where T is a target). The structural part is constructed by the particle-
rotor model and the reaction part is described by the distorted wave Born approximation (DWBA).
Results: The validity of the P-separation is tested by comparing with the exact calculation. The
approximate way reproduces the exact BUXs well regardless of the configurations of 11Be.
Conclusion: The method proposed here can be an alternative approach for decomposing discretized
BUXs into components in four- or five-body scattering where the strict decomposition is hard to
perform.
PACS numbers: 24.10.Eq, 25.60.Gc, 25.60.Bx
Introduction. A breakup cross section (BUX) is an im-
portant observable to investigate not only nuclear struc-
tures but also reaction dynamics. Theoretically, BUXs
have been calculated by using various reaction mod-
els such as the adiabatic approximation [1], Glauber
model [2], semiclassical model [3, 4], the continuum-
discretized coupled-channel method (CDCC) [5–7], and
the Faddeev formalism [8]. CDCC is one of the most
powerful and flexible methods of describing breakup pro-
cesses induced by weakly-bound nuclei. In the 1980s,
three-body CDCC was first applied to d-induced reac-
tions on a target nucleus (T), where the n+ p+T three-
body model was assumed. Three-body CDCC has been
successful in describing many kinds of three-body reac-
tions. Nowadays, three-body CDCC has been developed
in two directions. One is four-body CDCC [9–14] and
the other is three-body CDCC with core excitation [15–
17]. These methods address breakup reactions includ-
ing multi-BU-channels. For example, for 6Li scattering
(n+p+α+T), four-body CDCC should take into account
the three- and four-body channels:
6Li + T→ d+ α+T (three-body channel), (1)
6Li + T→ n+ p+ α+T (four-body channel). (2)
These channels are coupled to each other during the scat-
tering and should be treated on an equal footing. Fur-
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thermore, each of the BUXs should be separately calcu-
lated in the multi-BU-channel.
In four-body CDCC including the multi-BU-channels
of 6Li scattering, the pseudostate method [9, 18] is a rea-
sonable way of calculating discretized-continuum states.
In the pseudostate method, the projectile wave functions
are constructed by diagonalizing the internal Hamilto-
nian of the projectile with the L2-basis functions. Hence,
it is not necessary to solve the scattering problem of the
n+p+α three-body system under the proper three-body
boundary condition. The pseudostates thus obtained
are energetically discretized and consist of both the
dα-component (three-body channel) and npα-component
(four-body channel) with a certain weight. As a result,
CDCC with the pseudostate method describes the tran-
sition between these mixed channels. Furthermore, in
Ref. [11], a new method has been proposed to construct
a continuous breakup cross section regarding the breakup
energy, which enables one to directly compare the result
of four-body CDCC with experimental data. However, it
is not possible for the pseudostate method to disentangle
the cross section into three-body and four-body channel
components.
Recently, a new method utilizing the solution to the
complex-scaled Lippmann-Schwinger equation (CSLS)
was proposed and applied to the d(α, γ)6Li radiative cap-
ture process [19]. A remarkable feature of this method
is the specification of the incident channel in solving the
three-body scattering problem in the space defined by a
complex-scaled Hamiltonian. Once it is implemented into
2a four-body CDCC calculation, one may obtain contin-
uous breakup observables with a clear separation of the
three-body and four-body channel components. How-
ever, such a CDCC-CSLS calculation is rather numer-
ically demanding and has been limited to a very few
cases [20], to which only the four-body channels are rel-
evant. In this work, we propose a practical method for
decomposing the discretized BUXs into each BUX com-
ponent. This method is referred to as the “probabil-
ity separation (P-separation)” from now on. The P-
separation does not require the exact solutions or the
smoothing procedure. In the previous work [21], the P-
separation was applied to the analysis of 6Li elastic scat-
tering and successful in separating each of the three- and
four-body channel-coupling effects on the elastic cross
sections. Thus, it is expected that the P-separation is
applicable for separating the BUXs as well.
Before going to four-body scattering, we first consider
11Be + T three-body scattering with core excitation [22]
because this scattering provides an analogy to the 6Li
four-body scattering regarding the mixture of different
channels. In this case, we consider two BU channels as
11Be + T→ 10Be(gs) + n+T (core-ground channel),
(3)
11Be + T→ 10Be∗ + n+T (core-excited channel). (4)
As a merit of this scattering, we can easily obtain the
exact breakup wave functions of each channel for the
11Be two-body projectile unlike the 6Li three-body pro-
jectile. In the actual analysis, the projectile wave func-
tions are constructed by the particle-rotor model [23–25],
and the BUXs are calculated by the extended distorted
wave Born approximation (xDWBA) [26, 27]. The xD-
WBA enables us to calculate both the exact (continuous)
and the approximate (discretized) T -matrix elements as
shown later. We can then compare the approximate
BUXs with the exact ones quantitatively. After validat-
ing the P-separation, we apply it to 6Li scattering and
predict the dα- and npα-BUXs, respectively.
Theoretical framework. The three-body Hamiltonian
with core excitation is given by
H = KR + VvT(RvT) + VcT(RcT, ξ) + hP, (5)
hP = Kr + Vvc(r, ξ) + hc(ξ), (6)
where R is the relative coordinate between the center of
mass of a projectile (P) and a target (T), r represents the
relative coordinate between a valence neutron (v) and a
core nucleus (c), and ξ stands for the internal coordinate
of c, i.e., the angle of the symmetric axis of the deformed
core. The operators KR and Kr are the kinetic energies
associated with R and r, respectively, Vab (a, b = T, v, c)
is the interaction between a and b, and hc is the internal
Hamiltonian of the core. Here, VcT and Vvc are assumed
to be non-spherical, which can trigger the core excitation.
The projectile wave function is constructed with the
particle-rotor model by solving the Schro¨dinger equation
hPΨJM (r, ξ) = εΨJM (r, ξ), (7)
where ΨJM is the projectile wave function with the total
angular momentum J and its projection M , and ε is the
eigenenergy. ΨJM is expanded as
ΨJM (r, ξ) =
∑
ℓjI
RℓjI(r)[Yℓj(rˆ)⊗ ΦI(ξ)]JM . (8)
ΦI represents the core state with the spin I, which sat-
isfies the Schro¨dinger equation hcΦI = ǫIΦI , where ǫI
is the eigenenergy of the core. The coefficient RℓjI de-
scribes the relative motion between the core and the va-
lence neutron, where ℓ is the orbital angular momentum
and j is the total angular momentum.
The breakup T -matrix elements in xDWBA are given
by
T J
′M ′,JM
fi =
〈
χ
(−)
K′
(R)Ψ
(f)
J′M ′(r, ξ)
∣∣∣VvT(RvT)
+ VcT(RcT)
∣∣∣χ(+)K (R)Ψ(i)JM (r, ξ)
〉
, (9)
where χ
(+)
K
(χ
(−)
K′
) is the initial outgoing (final incoming)
distorted wave with the initial (final) wave number K
(K′), Ψ
(i)
JM and Ψ
(f)
J′M ′ are the initial (i) and the final (f)
projectile wave functions, respectively. The initial wave
function Ψ
(i)
JM is nothing but the ground state wave func-
tion, whereas the final wave function Ψ
(f)
J′M ′ represents a
continuum state with the incoming asymptotic form. As
for Ψ
(f)
J′M ′ , the neutron and core states in the asymptotic
region should be specified by not only the eigenenergy but
also the angular momentum, the total angular momen-
tum, and the spin of the core, i.e., f = {εf , ℓf , jf , If}.
For the explanation below, the final channel f =
{εf , ℓf , jf , If} is explicitly shown in the T -matrix ele-
ment;
T J
′M ′,JM
fi → T
J′M ′,JM
{ℓf ,jf ,If},i
(εf ) (exact). (10)
If Eq. (7) is solved by the diagonalization method, not
only the different energies εf but also the different sets of
{ℓf , jf , If} are superposed as a pseudostate Ψˆ
(nf )
J′M ′ , where
“ ˆ ” denotes discretization and nf is the state number.
By replacing Ψ
(f)
J′M ′ with Ψˆ
(nf )
J′M ′ in Eq. (9), the exact T -
matrix element is discretized as
T J
′M ′,JM
fi → Tˆ
J′M ′,JM
nf i
(discretized). (11)
Note that the discretization is not indispensable for
DWBA but it is for CDCC.
From Eqs. (10) and (11), the exact and the discretized
BUXs are given by
d2σ{ℓf ,jf ,If}(εf )
dΩdεf
= γ
∑
MM ′
∣∣∣T J′M ′,JM{ℓf ,jf ,If},i(εf )
∣∣∣2 , (12)
dσˆnf
dΩ
= γ
∑
MM ′
∣∣∣Tˆ J′M ′,JMnf i
∣∣∣2 ,
3respectively, where Ω is the solid angle of K′ and γ is
the kinematic factor. It is worth noting that dσˆnf /dΩ is
specified only by the final-state number nf . In the fol-
lowing analysis, we compare the energy-integrated total
BUXs
σ(tot) =
∑
If
σ(If ) (14)
with
σ(If ) =
∑
ℓf ,jf
∫
dΩdεf
d2σ{ℓf ,jf ,If}(εf )
dΩdεf
, (15)
and the energy-summed total BUXs
σˆ(tot) =
∑
nf
∫
dΩ
dσˆnf
dΩ
. (16)
Henceforth, we refer to σ(If = 0) and σ(If 6= 0) as the
“core-ground BUX” and the “core-excited BUX”, respec-
tively.
In order to decompose the discretized total BUX σˆ(tot)
into the approximate core-ground and core-excited BUXs
with the P-separation, we first derive the core-ground and
core-excited probabilities by taking the overlap between
ΨˆJ′M ′,nf and [Yℓj ⊗ ΦI ]J′M ′ as
Pnf (I) =
∑
ℓj
∣∣∣
〈
[Yℓj ⊗ ΦI ]J′M ′
∣∣∣ ΨˆJ′M ′,nf
〉∣∣∣2 . (17)
We can then define each of the approximate total BUXs
by
σˆ(If ) =
∑
nf
σˆnf (If ) with σˆnf (If ) = Pnf (If )σˆnf , (18)
which satisfies the relation
σˆ(tot) =
∑
If
σˆ(If ). (19)
However in this approximation, the core-excited BUX
can be finite even below the 10Be(2+1 )+n breakup thresh-
old energy (εth = 3.368 MeV) because of the finite core-
excited components. Therefore, we imposed the relations
σˆnf (0) = σˆnf and σˆnf (If 6= 0) = 0 below the threshold
energy. Namely, the condition
Pnf (0) = 1 and Pnf (I 6= 0) = 0 for εnf < εth (20)
is added on Eq. (18). Equation (19) is still satisfied under
this condition.
In the actual calculation, we adopt the same potentials
and the same model space used in Ref. [27]. As a reac-
tion part, the Gaussian interaction is adopted for VvT;
VvT(RvT) = −45 exp [−(RvT/1.484)
2], and the Watson
potential [28] is taken for the central part of VcT. As a
structural part, the parity-dependent Woods-Saxon po-
tential is taken; radius R0 = 2.483 fm, diffuseness a =
0.65 fm, the central potential depth V0 = −54.45 MeV
(V0 = −49.61 MeV) for the even (odd) parity, and the
spin-orbit potential depth Vso = 8.5 MeV. As for the
10Be core, the deformation parameter β2 = 0.67 is as-
sumed, and only two states are taken into account, i.e.,
the ground state (I = 0) and the first excited state
(I = 2, ǫ2 = 3.368 MeV). The combination of this param-
eter set and the model space well reproduces the energies
of the ground state (Jπ = 1/2+, εgs = −0.50 MeV), the
first excited state (Jπ = 1/2−, ε1st = −0.18 MeV), and
the several low-lying resonances [27]. The spin-parities
Jπ = 1/2+, 3/2+, 5/2+, 1/2−, and 3/2− are considered.
In Eq. (9), the final distorted waves χ
(−)
K′
are evaluated
by using the same potential used for calculating χ
(+)
K
.
11Be scattering with core excitation. First, the dis-
cretized total BUX σˆ(tot) is compared with the ex-
act BUX σ(tot) for the scattering of 11Be + p at 63.7
MeV/nucleon. Both the calculations give the same value
of σˆ(tot) = σ(tot) = 54.8 mb, suggesting that the model
space is large enough for calculating the BUX. Next, the
discretized BUX is decomposed into the core-ground and
the core-excited BUXs with the P-separation. The resul-
tant BUXs are σˆ(0) = 44.3 mb and σˆ(2) = 10.5 mb, while
the exact BUXs are σ(0) = 47.8 mb and σ(2) = 7.0 mb.
Note that the smoothing calculation with the discretized
states gives the same result as the exact one. In Fig. 1,
the approximate and the exact BUXs are further decom-
posed in terms of each spin-parity of Jπ = 1/2+, 3/2+,
5/2+, 1/2−, and 3/2−. The solid circles (solid lines) rep-
resent the approximate (exact) BUXs. The total, core-
ground, and core-excited BUXs are shown from the top to
the bottom. The approximate BUXs are in good agree-
ment with the corresponding exact ones for each spin-
parity. Thus, the P-separation is found to work for the
discretized BUX.
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FIG. 1: Decomposition of the breakup cross sections for the
scattering of 11Be + p at 63.7 MeV/nucleon. The solid lines
represent the exact BUXs (σ), while the solid circles corre-
spond to the approximate BUXs (σˆ). The results of the ap-
proximate decomposition without Eq. (20) are also shown by
the open squares.
4To confirm the validity of the P-separation, we perform
a systematic analysis. We prepare other five sets of con-
figurations by changing the depth of potential and/or the
excitation energy of 10Be by following Ref. [29]. The pa-
rameter sets are summarized in Table I. Set 2 corresponds
to the original parameter where the parity-dependent po-
tential is taken. For the other sets, the potential is com-
mon for all the states. As summarized in Table I, the
total BUXs are decomposed into σˆ(0) and σˆ(2) reason-
ably well regardless of the configurations. For example
for set 6, small ǫ2 and large Pgs(2) may lead to the large
core-excited BUX, and the tendency is well reproduced
by the P-separation. The validity of the P-separation is
thus presented.
Here, we show that Eq. (20) plays a key role in the
P-separation. In Fig. 1, the open squares represent the
results without Eq. (20). The results deviate from the
exact ones significantly for Jπ = 3/2+ and 5/2+. The
cause of this deviation is clearly seen in the energy dis-
tribution of the BUXs. Figure 2 shows the discretized
BUX together with the exact BUX with reference to the
10Be(0+1 )+n breakup threshold energy. The
10Be(2+1 )+n
breakup threshold energy (εth = 3.368 MeV) is also indi-
cated by the vertical dotted line. The bottom figure rep-
resents the total BUX σˆnf , and it is decomposed into the
core-ground BUX σˆnf (0) (middle) and the core-excited
BUX σˆnf (2) (top) in accordance with Eq. (18) only, i.e.,
Eq. (20) is not imposed here. Two peaks are seen at
around 1.1 MeV (5/2+) and 3.0 MeV (3/2+), and the
corresponding states have the core-excited components
as Pres(2) = 0.293 (5/2
+) and Pres(2) = 0.794 (3/2
+),
respectively. In particular, the 3/2+ state is the so-called
Feshbach resonance in which the core-excited component
is dominant. However, those resonant states are never
broken up into 10Be(2+1 ) and n because the core-excited
channel is closed. On the other hand, those resonant
BUXs are counted as σˆnf (2) by definition [Eq. (18)]. As
a result, it turned out that Eq. (20) is important in order
to separate the total BUX properly.
6Li scattering in four-body CDCC. We then apply the
P-separation to 6Li scattering in the framework of four-
body CDCC (n + p + α + T). As discussed in the 11Be
scattering, we introduce the probability of the d+α con-
figuration of 6Li [21], and define the dα- and the npα-
BUXs
σˆ(dα) =
∑
nf
Pnf (dα)σˆnf , (21)
σˆ(npα) =
∑
nf
(
1− Pnf (dα)
)
σˆnf , (22)
respectively. Following Eq. (20),
Pnf (dα) = 1 and Pnf (npα) = 0 (23)
are imposed below the n + p + α threshold energy. We
predict the nuclear BUXs of 6Li+ 208Pb scattering at 39
and 210 MeV, for which the experimental data on elastic
cross sections [30, 31] were well described by four-body
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FIG. 2: Energy distribution of the BUXs for the scattering
of 11Be + p at 63.7 MeV/nucleon. The discretized and exact
BUXs are represented by the bars and the line, respectively.
The total, core-ground, and core-excited BUX are shown from
the bottom panel. Note that Eq. (20) is not imposed in this
figure.
CDCC [21]. The resultant BUXs are σˆ(dα) = 45.3 mb
and σˆ(npα) = 23.4 mb for 39 MeV, and σˆ(dα) = 89.9 mb
and σˆ(npα) = 47.1 mb for 210 MeV. The σˆ(npα) consti-
tutes one-third of the total BUX in the present energy
range. This appears to contradict with the findings in the
previous work [21] that the four-body-channel-coupling
effect is negligible in the elastic scattering.
In Ref. [21], the back-coupling effect on the elastic scat-
tering was investigated by switching on and off the three-
body-channel coupling (6Li + T ↔ d + α + T) and the
four-body-channel coupling (6Li + T ↔ n + p + α + T).
Through the analysis, it was concluded that the three-
body-channel coupling is essential while the four-body-
channel coupling is negligible in the elastic scattering.
Although this result seems to imply that 6Li is mostly
broken up into d+α and hardly broken up into n+p+α,
this has clearly been denied in the present results, i.e.,
σˆ(npα) is almost comparable with σˆ(dα). One of the
possible interpretation of these results is that 6Li may
break up into three constituent particles after breaking
up into two clusters: 6Li→ d+ α→ n+ p+ α.
Summary. We have proposed an approximate treat-
ment (P-separation) for decomposing discretized breakup
cross sections into components of each channel. We ap-
plied the P-separation to 11Be scattering with core exci-
tation in which the core-ground and core-excited chan-
nels coexist. The validity of the P-separation is shown
by demonstrating that the approximate BUXs well re-
5TABLE I: Systematic analysis for the validity of the P-separation. The separation energy (Sn), the Woods-Saxon potential
parameters (V0 and Vso), the excitation energy of
10Be (ǫ2), the core-ground and core-excited probabilities Pgs(0) and Pgs(2),
and the exact and approximate BUXs (σ and σˆ) of 11Be + p at 63.7 MeV/nucleon are summarized. All the values of Sn, V0,
Vso, and ǫx are shown in the unit of MeV, whereas those of BUX are shown in mb.
set Sn V0 Vso ǫ2 Pgs(0) Pgs(2) σ(tot) σˆ(tot) σ(0) σˆ(0) σ(2) σˆ(2)
1 0.1 -51.924 -8.5 3.368 0.943 0.057 92.4 92.4 82.8 79.4 9.6 13.0
2 0.5 -54.45 -8.5 3.368 0.855 0.145 54.8 54.8 47.8 44.3 7.0 10.5
3 0.5 -52.988 -1.0 0.5 0.792 0.208 56.0 56.0 45.8 44.6 10.2 11.4
4 1.0 -56.475 -8.5 3.368 0.788 0.212 48.8 48.8 42.6 39.6 6.2 9.2
5 5.0 -67.059 -8.5 3.368 0.577 0.423 10.4 10.4 7.6 6.5 2.8 3.9
6 5.0 -65.670 -1.0 0.5 0.545 0.455 7.6 7.6 4.0 3.4 3.6 4.2
produce the exact ones regardless of the configurations
of 11Be. As a merit of the P-separation, it is easily ap-
plied to four-body scattering, for which the exact breakup
wave functions for the three-body projectile are difficult
to obtain. We have also applied the P-separation to 6Li
scattering in the n + p + α + T four-body model. The
predicted npα-BUX is almost comparable with the dα-
BUX contrary to the previous result, in which the three-
body-channel coupling was found to be essential while
the four-body-channel coupling is negligible. A possible
way of understanding these results will be that 6Li breaks
up into n+p+α mainly through the d+α breakup chan-
nel. We will investigate this hypothesis in a forthcoming
paper.
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